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Chapter 1

Introduction

In this thesis I discuss the state space approach to time series modelling. Suppose that

we observe a multivariate time series and denote the observations by y1, . . . , yn. In a state

space model we assume that each vector yt depends in a prescribed way on the value of

an unobserved stochastic process αt. This process αt is known as the state process. In

many applications αt will have a clear economic interpretation. In a structural time series

model, for instance, the states represent seasonal and trend components of the observed

time series, see Harvey (1989, Chapter 2) for a discussion of this approach. In a stochastic

volatility model, the unobserved state represents the time-varying risk of the asset under

consideration and in a dynamic factor model we can often link the unobserved factors to

the business cycle or other macro-economic developments. The state space model provides

a convenient framework to construct intuitively appealing and economically sensible time

series models.

In many empirical studies involving state space models the key objective is to predict

future time series observations. However, because of the structure of the state space model,

it is generally necessary to first obtain state estimates before we can generate predictions.

These state estimates can also give us an idea of the nature of the time series dynamics

or signal possible misspecification if we have a strong a-priori idea about the development

of the state. This is especially true if the state process has an economic interpretation.

Almost every non-trivial statistical model depends on a set of unknown model parameters.

Estimation of these parameters is the first step in any empirical study that involves a state

space model. These three issues, parameter estimation, state estimation and prediction are

the main focus of this thesis.

The class of state space models is very broad. In practice, we therefore need to tailor

the estimation methods to the characteristics of the state space model in question. Compu-
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tationally efficient estimation methods are particularly well developed for the class of linear

state space models. For these models we can obtain mean square optimal predictions using

an algorithm known as the Kalman filter and mean square optimal state estimates can be

found using the related Kalman smoother recursions. If the model has Gaussian innova-

tions we can also use the Kalman filter to evaluate the likelihood. We obtain maximum

likelihood estimators of the model parameters by simply maximizing the likelihood function

using a numerical optimization algorithm. In this thesis I consider two classes of state space

models for which this methodology is not directly applicable: dynamic factor models and

non-Gaussian state space models.

Dynamic factor models belong to the class of linear state space models. This means that

we could in theory use the Kalman filter and Kalman smoother recursions to estimate the

underlying states and a maximum likelihood procedure to estimate the parameters. How-

ever, this approach is inapplicable for high-dimensional time series. Dynamic factor models

for such time series panels typically contain a large number of parameters and numerical op-

timization of the likelihood function, obtained from the Kalman filter, is therefore infeasible.

This is an important issue, since panels consisting of hundreds of time series are becom-

ing increasingly common in applied econometric research. I discuss in this thesis new and

computationally efficient methods for likelihood-based analysis of high-dimensional dynamic

factor models. These new results enable us to routinely estimate dynamic factor models

even for the high-dimensional data sets found in recent applied macroeconomic research. I

illustrate the new methods in an empirical study of the time series properties of the term

structure of interest rates for US treasuries.

For non-Gaussian state space models we generally do not have closed-form expressions

for the likelihood and the mean square optimal predictions and state estimates. The most

common solution to this problem is to use numerical methods based on simulation. In this

thesis I extend such a method, originally proposed by Shephard and Pitt (1997) and Durbin

and Koopman (1997), to a wider class of models. I prove the surprising result that all

necessary computations can be performed by applying the Kalman filter methods to a state

space model with ‘covariance’ matrices that are not positive semi-definite. Although such a

model with ‘negative variances’ is clearly not well-defined, I show that the results obtained

from the Kalman filter methods still have a clear interpretation and are of practical use.

I conclude this introduction with short descriptions of the content of each chapter.
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Chapter 2: The Linear State Space Model

This chapter reviews all concepts related to the linear state space model which are needed

for the developments in the remaining chapters. Most of the results in this chapter are

well-known and can also be found in standard textbooks on linear state space models such

as Anderson and Moore (1979), Harvey (1981), West and Harrison (1989) and Durbin and

Koopman (2001). The new results in this chapter are Lemma 2.A and Corollary 2.1 that

generalize similar results in Harvey (1981) and Durbin and Koopman (2001). Lemma 2.A was

originally presented in Jungbacker and Koopman (2007). Although the results in this chapter

are well-known, the discussion is somewhat non-standard in its focus on the interpretation

of the Kalman filter and Kalman smoother methods in terms of an LDL decomposition of

the variance matrix of the observations. The derivation of the diffuse Kalman filter is new.

Chapter 3: Monte Carlo Estimation for Nonlinear Non-Gaussian State Space

Models

In this chapter I consider inference methods for a class of non-Gaussian state space models.

The model specifies the states αt as a linear Gaussian process while the observations yt are

modelled by means of a family of conditional densities p(yt|θt, ψ), where θt is a linear function

of αt and ψ is a set of unknown model parameters. Analytical expressions for the likelihood

and mean square optimal state estimators and predictors are generally unavailable for this

type of models. The standard method to overcome this problem is the use of simulation-

based methods. Importance sampling methods can be used for instance to approximate the

likelihood and obtain state estimates for a fixed value of ψ.

Let θ denote the vector (θ′
1
, . . . , θ′

n
)′ and let p(θ|y, ψ) denote the density of θ1, . . . , θn

conditional on y1, . . . , yn. Importance sampling requires the choice of an importance den-

sity f(θ, y;ψ) that can be easily sampled and evaluated and that is in some sense close to

p(θ|y, ψ). Shephard and Pitt (1997) and Durbin and Koopman (1997) proposed, in respec-

tively Bayesian and frequentist settings, to choose a Gaussian density f(θ, y;ψ) with the

same mode and curvature around the mode as p(θ|y, ψ). They also presented numerical

methods that can be used to implement this approach for log-concave densities p(yt|θt, ψ).

In this chapter I show that these methods can be extended relatively easily such that they

can be used if p(yt|θt, ψ) is not log-concave. The key to this extension is a set of results that

show how the output of the Kalman filter, Kalman smoother and simulation smoother recur-

sions can be interpreted if we have ‘variance’ matrices that are not positive semi-definite. I

demonstrate the applicability of this method by estimating a stochastic volatility with lever-

age model using maximum likelihood. This chapter is based on the results of Jungbacker
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and Koopman (2007). This approach to maximum likelihood estimation of non-linear non-

Gaussian state space models was also applied in Koopman, Jungbacker, and Hol (2005),

Jungbacker and Koopman (2005) and Jungbacker and Koopman (2006).

Chapter 4: Likelihood-based Analysis for Dynamic Factor Models

In the dynamic factor models considered in this chapter it is assumed that a large number of

time series depends on a relatively small number of unobserved stochastic processes known

as factors. The purpose of this chapter is to show how to obtain maximum likelihood

estimators of the model parameters, how to efficiently compute states estimates and how

to obtain predictions of future observations. Since the models considered can be written

in state space form we can use the Kalman filter to evaluate the likelihood if the model is

Gaussian. For non-Gaussian models this likelihood can be considered a quasi-likelihood and

the quasi-maximum likelihood estimators obtained by maximizing this function can be shown

to be consistent and asymptotically normal. Similarly we can use the Kalman smoother to

obtain state estimates. Such an approach, however, is infeasible in practice because of the

high dimensions involved. A typical dynamic factor model can include more than hundred

time series and more than thousand parameters, see also the empirical illustration in this

chapter. I present new results that can be used to efficiently compute the (quasi-)likelihood

and the score. This allows us to obtain (quasi-)maximum likelihood estimators for the model

parameters in a matter of minutes even for the large models that are common in recent

applied econometric research. The developments in this chapter are based on Jungbacker

and Koopman (2008).

Chapter 5: Dynamic Factor Models with Smooth Loadings

The main assumption of the dynamic factor model of chapter 4 is that a potentially large

number of time series depends linearly on a small set of unobserved stochastic processes.

The coefficients that determine how the unobserved factors influence the individual time

series are generally referred to as the factor loadings. In many applications it is reasonable

to assume that time series with common features will react in the same way to changes in

the underlying factor. In this chapter I discuss the example of yields of zero coupon bonds.

If we model a time series panel consisting of monthly yield curves as a dynamic factor model,

it is likely that yields corresponding to bonds with similar maturities will also have similar

factor loadings. Specifically, we expect that the factor loadings are a smooth function of the

time to maturity of the associated bonds. In this chapter I present a unified approach to

the modelling of such time series panels. I propose a new class of dynamic factor models
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that imposes these smoothness restrictions on the factor loadings in an intuitive manner.

Further, I present a statistical method to choose the optimal set of restrictions based on sets

of Wald statistics. Maximum likelihood estimators of the model parameters can be obtained

using the computationally efficient methods of chapter 4.

To illustrate the applicability of this new class of dynamic factor models I perform an

extensive empirical study of the time series properties of the US treasuries term structure

of interest rates. In this study I consider a number of popular term structure models that

can be viewed as dynamic factor models with smoothness restrictions imposed on the factor

loadings. I show that the restrictions imposed by these models are strongly rejected by

standard likelihood ratio tests. I proceed by showing that we can construct a dynamic factor

model with smooth factor loadings using the new methodology introduced in this chapter.

This model is parsimonious and the restrictions are not rejected by the likelihood ratio test.

The developments in this chapter are based on Jungbacker, Koopman, and van der Wel

(2009b).

Chapter 6: Dynamic Factor Analysis in the Presence of Missing Data

In this chapter I extend the discussion of Chapter 4 to data sets where some of the obser-

vations are missing. I focus on dynamic factor models where the idiosyncratic component

follows an vector autoregressive process. In Chapter 4 this type of model is written in state

space form, which allows us to use efficient Kalman filter and smoother methods to estimate

the factors and evaluate the likelihood. When some of the observations are missing, this

state space formulation is however no longer valid. One possible solution proposed in the

literature is to view all idiosyncratic components as unobserved states. This approach slows

down the Kalman filter methods dramatically however. I show how to construct an alter-

native state space model that retains the low state dimension of the state space model of

Chapter 4. Also, I demonstrate how the computational devices of Chapter 4 can be applied

in this context. The results in this chapter show that likelihood-based analysis is a feasible

option in empirical applications of the dynamic factor model, even if some observations are

missing. This chapter is based on the results in Jungbacker, Koopman, and van der Wel

(2009a).



12 CHAPTER 1. INTRODUCTION


